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Let M # (0) be a subspace of a real normed linear space X, and let x 
be an element of X\M. Then an element m E A4 is called a strongly unique 
best approximation in M to x if there exists a constant c > 0 such that the 
inequality 
lb-mll d I/x- yll -cllm- yll 
holds for all y in M. Clearly, the strongly unique best approximation m is 
a unique best approximation in M to the element x. On the other hand, 
Wulbert showed in [5] that each unique best approximation is not a 
strongly unique best approximation in the particular case when X is a 
smooth space. Recently, Niirnberger and Singer have established in [4, 
Theorem 3.81 the following theorem without any additional assumptions 
on X. 
THEOREM. Let M be a subspace of X, and let x E X\M and m E M be 
such that x-m is a smooth point. Then m is not a strongly unique best 
approximation in M to x. 
We recall that an element z E X\ (0) is said to be the smooth point if F(z) 
is a single point, where F is the duality mapping [ 1, Sect. 1.2.41 of X\ { 0} 
into the family of all nonempty convex w*-compact subsets of the dual 
space X* of X defined by 
F(z)={f~x*: l\fll=l andf(z)=llzl\}. 
In this note we prove the following two theorems, in which the symbols 
dim(A) and Ext[A] denote the dimension of the linear subspace span(d) 
spanned by a subset A of X and the set of all extremal points of A, 
respectively. 
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THEOREM 1. Let M be an n-dimensional subspace of a real normed linear 
space X, and let x E X/M and m E M be such that 
dim(Ext[F(x - m)]) 6 n. 
Then m is not a strongly unique best approximation in M to x. 
THEOREM 2. If there is a z # 0 in a real normed linear space X such that 
dim(F(z)) > n then there exist an n-dimensional subspace M of X, an element 
XE X\M, and a strongly unique best approximation m in M to x. 
In order to prove our theorems, we need the following characterization 
of strongly unique best approximations due to Wulbert [S]. 
WULBERT THEOREM. An element rnE M is a strongly unique best 
approximation in a finite-dimensional subspace M of a real normed linear 
space X to an element x E X\M tf and only tf 
sup f(Y)>0 
feF(x-m) 
for all y # 0 in M. 
Let us note that 
sup f(y)= sup f(Y) 
fEF(X-m) fcExtF(x-m) 
(1) 
for all y in M. Indeed, by the Krein-Milman theorem [2, p. 4403, the 
convex w*-compact set F(x- m) is identical with the w*-closure 
cl*(co(Ext[F(x-m)])) of the convex hull co(Ext[F(x-m)]) of nonempty 
set Ext[F(x-m)]. Moreover, if f E co(Ext[F(x-m)]) (i.e., if f is a finite 
sum of the form c ukfk with @L 30, fk l Ext[F(x-m)], and ~CQ = 1) 
then we have 
f(Y)=ccrkfk(Y)< sup fk(Yl 
/i E ExtCF(x - m)] 
Therefore, we get 
sup f(v)= sup f(Y) G sup f(Y). 
fEF(X--m) fsco(Ext[F(x-mm)]) /E Ext[F(x - m)] 
Since the converse inequality is obvious, the proof of (1) is completed. 
Proof of Theorem 1. Denote z = x - m # 0, and choose functionals 
fl, . . . . fk (k <n) in Ext[F(z)] which form a basis of the subspace E 
consisting of all functionals from span(Ext[F(z)]) with domains restricted 
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to the (n + 1)-dimensional space N = span@ - M). Then it follows from 
Theorem 1.4.2. [3, p. 111 that there exists an element u E N\(O) such that 
f,(u)= ..- =fk(u)=O. Since fieF(z) and u=az--p for some CXER and 
p E M, we conclude that fi(p) = allz((, p # 0, and 
fi(U) = - I4 lb/I G 0; i = 1, . . . . k, 
where either u = -p if a > 0 or u =p if c( < 0. Finally, for every functional 
fin Ext[F(z)] we have 
f(Y)- i aiA(Y)9 Y E N, 
i=l 
and 
i=l ,=I 
= -Ial llzll i aifi(z)lllzll 
i=l 
= -Id llzllf(zYll4l = -I4 lbll 60. 
Hence it follows from the Wulbert theorem and identity (1) that m is not 
a strongly unique best approximation in M to X, which completes the 
proof. 1 
Proof of Theorem 2. Suppose that the set F(z) consists of n + 1 linearly 
independent functionals (fi)i for some element z # 0 in X, and denote by 
(m,): the sequence in X defined by 
f&n,) = 6,; i, j= 0, 1 7 .‘., n, 
where a,= 1 if i= j and 6, = 0 if i # j. Further, let M be the subspace of 
X spanned by the elements xi = mi -m,; i = 1, . . . . n. It is clear that both 
sequences (m,): and (xi); are linearly independent. Hence dim(M) = n. 
Moreover, we have 
sup f(y) 3 max{fdy), fh% . . . . f,(A) 
fsm) 
= max :=f(cr), 
where 
y= i ctixi and u = (a,, cc*, ...) cc,). 
i=l 
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Since f(a) > 0 for every c1# 0 in R”, it follows from the Wulbert theorem 
that m = 0 is a strongly unique best approximation in A4 to z # 0. Clearly. 
this implies that z$M. Hence the proof is completed. 1 
The usefulness of Theorem 1 in applications depends on the structure of 
the sets 
Ext[F(z)] = F(z)n Ext[B(X*)] (2) 
for any z # 0, where B(X*) is the closed unit ball in X*. In order to prove 
identity (2) suppose that f E Ext[F(z)] and f $ Ext[B(X*)]. Then we have 
f=(l-A)f,+Af2 for some fi,f2EB(X*) and 0~1~1, l=/ifll< 
(1 - 411fi II + 41f2 IL and 
llzll =f(z) = (1 - A)f,(z) + Af*(z) d llzll. 
Since /f.II 6 1 and A(z) < J(zJI, it follows that f, EF(z). Consequently, 
f $ Ext[F(z)]. This shows the inclusion c in (2). Conversely, suppose that 
fgF(z)nExt[B(X*)] and f$Ext[F(z)J. Then f=(l-A)ft +Af2 for 
some f,,f2EF(z) and 0<1<1, which in view of the fact that 
f,, fi E B(X*) shows that f 4 Ext[B(X*)]. This contradiction completes 
the proof of identity (2). 
The structure of Ext[F(z)] is especially simple in the case when 
X= C(T) is the Banach space of all continuous real-valued functions 
defined on a compact Hausdorff space T with the uniform norm. 
Indeed, by the well-known characterization [2, Lemma 4, p. 4411 of 
Ext [B( C* (T))], we have 
Ext[F(z)] = (sgn[z(t)]G,: t~ext(z)} 
for all z # 0 in C(T), where ext(z) = (te T: (z(l)1 = llzll } and functionais 
6,: C(T) -+ R are defined by 6, y = y(r), y E C(T). This in conjunction with 
identity (2) and Theorem 1 gives the following 
COROLLARY 1. Let M be an n-dimensional subspace of C(T) and let 
functions x E C( T)\M and m E A4 be such that the set ext(x -m) consists of 
n points or less. Then m is not a strongly unique best approximation in A4 
to x. 
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